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Abstract 
 
In this paper, the vibration and instability of double-walled carbon nanotube (DWCNT) conveying fluid were investigated by 
using the modified strain gradient theory. The Donnell's shell theory was used by taking into consideration the three size 
effects and simply-supported boundary conditions. The effect of van der Waals force between the two intended walls and 
the surroundings of the DWCNT was modelled as visco-Pasternak foundation. The governing equations of the problem and 
boundary conditions were derived from Hamilton’s principle. Also, Navier procedure was used to solve the vibration 
problem. To verify the results, a comparison was drawn between the results of this study and those of the references. 
According to the findings, the effects of fluid velocity, stiffness and damping of visco-Pasternak foundation, length of DWCNT 
and size effect are more considerable in the modified strain gradient theory than in the modified couple stress theory and 
classical theory. 
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1. Introduction 

Carbon nanotubes are made of one-atom-thick carbon sheets shaped into hollow cylinders. 
Presence of carbon in the sheets leads to the formation of unique electrical, chemical and mechanical 
properties in carbon nanotubes [1]. Nanotubes have many applications in conducting fluid in 
nanodevices, nanoelectromechanical systems, biomedical sensors and drug injection; and in 
conduction of electricity in nano-electronic devices [2–4]. Given the fact that properties of nano-sized 
materials depend on size, while in studying the behaviour of carbon nanotubes, the classical 
continuum theory is unable to correctly predict the mechanical properties of carbon nanotubes. 
Hence, one way to tackle this problem is to use the higher order continuum theories and taking size 
effects into consideration. Many researchers have used these theories to investigate the behaviour of 
nanostructures. These theories include nonlocal elasticity theory [5–16], couple stress theory [17–26], 
strain gradient theory [27–33] and surface stress theory [34]. Here, the strain gradient theory modified 
by Lam et al. is used [35]. Considering the fact that calculation is more exact in a three-dimensional 
space, investigation of dynamic behaviour of microtubes and nanotubes using the shell theory has 
received great attention from researchers in recent years. Alibeigloo and Shaban, 2013 examined 
single-walled carbon nanotubes (SWCNTs) vibration in three dimensions using the nonlocal theory and 
elasticity equations; and showed that an increase in size effect and length-to-diameter proportion is 
accompanied by a decrease in SWCNT frequencies. Using the modified couple stress theory and 
Donnell’s shell theory, Xinping and Lin [36] studied the vibration of a fluid-conveying cylindrical shell in 
micro scale and investigated microtube instability in various velocities of fluid and degrees of stiffness 
of foundation. Daneshmand et al., 2013 investigated carbon nanotube vibration through stress and 
strain-inertia gradient elasticity. They modelled double-walled carbon nanotubes (DWCNTs) through 
the first shear deformable shell theory and showed that shear modulus, length scale, size effect and 
wave number have strong effects on carbon nanotube vibration. Using the nonlocal theory and 
Donnell’s shell theory, Ghorbanpour Arani and Amir [27] studied the nonlinear vibration of DWCNTs. 
They also investigated the effects of size parameter, Winkler stiffness, shear modulus, fluid density 
and wave number on DWCNTs vibration. Jannesari et al., 2012 studied the effect of fluid viscosity on 
the vibration of SWCNTs. They used the nonlocal theory and Donnell’s nonlinear shell theory. 
Ghorbanpour Arani and Amir [27] investigated the nonlinear vibration of the fluid-conveying double-
walled boron nitride nanotube by using the nonlocal theory and Donnell’s shell theory. They showed 
that as the size effect and length decrease and foundation stiffness increases, the vibrational 
frequency increases. Abdollahian et al., 2013 studied wave propagation in the fluid-conveying triple-
walled boron nitride nanotube. They showed that wave number, size effect, fluid viscosity, foundation 
stiffness and temperature had a considerable effect on nanotube vibration in different velocities. 

Therefore, based on the above discussion, in order to model the carbon nanotube more precisely, 
the dependency of material properties on nano-scale size must be taken into account by using higher 
order theories. Also, the three-dimensional model must be considered by using the shell model so as 
to reach acceptable solutions. Therefore, this research investigated vibrations and stability of DWCNT 
by using Donnell’s shell theory and the modified strain gradient theory. Also, the effect of van der 
Waals force, too, was taken into account in the model. Equations of motion and boundary conditions 
were derived through Hamilton’s principle. The DWCNT’s surroundings were modeled as a spring and 
damper through visco-Pasternak foundation. Navier procedure was used to solve the vibrational 
problem, and vibrational frequencies were determined for simply-supported boundary conditions. 
Finally, the effect of fluid velocity, Winkler stiffness, Pasternak stiffness, foundation damping and size 
effect on the stability of DWCNT was investigated. 
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2. Formulation 

2.1. Modified strain gradient theory 

Modified strain gradient theory incorporates a new set of equilibrium equations as well as classical 
equilibrium and five elastic constants (2 classical and non-classical constants). The strain energy for 
elastic and isotropic material in area  (with the volume element V) with infinitesimal deformations is 
obtained as follows [35]. 

( )(1) (1)
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2

s s

ij ij i j ijk ijk ij ijU p m dV     
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in equation (1), 
ij is the Cauchy stress tensor and ip , (1)

ijk , s

ijm are the higher order stresses. 
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in Eqs. (2)–(5), iu ,
ij and

 jpqe are the displacement vector components, the Kronecker delta and 

Permutation symbol, respectively. 

According to the modified strain gradient theory,
ij ,

 ip , (1)

ijk  and s

ijm are defined as 
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where, 
0l , 1l  andmaterial length scale parameters associated  independentare the additional and  2l  

with the dilatation gradients, deviatoric stretch gradients, and symmetric rotation gradients, 
respectively. 
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2.2. Displacement field in the DWCNTs conveying fluid 

Figure 1 illustrates DWCNT with visco-Pasternak foundation. According to the figure, geometrical 
dimensions of the DWCNT include internal diameter

1R , external diameter
2R , DWCNT thickness h, 

Pasternak stiffness coefficient gk , and Winkler stiffness coefficient
wk  and damping constant

dC . 

 
Figure 1. DWCNT conveying fluid in a visco-pasternak foundation 

 

Based on Donnell’s shell theory, displacement components of an arbitrary point in the DWCNT in 
terms of x,  and z coordinates, are denoted by u, v and w and can be written as [37]. 

( , , )
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                                        (10.2) 

( , , , ) ( , , )i iw x z t W x t =                                                            (10.3) 

where, the mid-plane displacements are defined by ( , , )iU x z , ( , , )iV x z  and ( , , )iW x z . Index i 
corresponds to the number of nanotubes (i = 1, 2). By substituting Eqs. (10.1–10.3) into Eqs. (2–5), 
classical and non-classical strains could be obtained. 

2.3. Governing equations 

The Hamilton’s principle can be written in the following form: 

( )
2

1

0,

t

i si ei ei f ef vdw

t

T U W D dt W W W W   − + − = = + + &                                (11) 

In Eq. (11), the external work is expressed as eiW . Also, in the above equation, (i = 1, 2) are related 

to internal and external carbon nanotubes. By substituting the values of Us, T, eiW  and D , and 

performing some lengthy and direct mathematical operations, equations of motion of DWCNT with 
classical and non-classical boundary conditions are obtained through modified strain gradient theory 
according to the following equations for simply-supported DWCNT (See Appendix 1 for more 
information). 
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For inner carbon nanotube: 
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For outer carbon nanotube: 
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Constant coefficients in Eqs. (12–17) are illustrated in Appendix 1. 

3. Solution method 

Here, because the supports of DWCNT are simple-simple, the Navier procedure is used to solve the 
equations of motion: 
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It is clear from by using of Eq. (18), the essential boundary conditions are satisfied and natural 
boundary conditions are established too. By substituting Eq. (18) into Eqs. (12–17), the equations are 
written in a matrix form as follows: 

     [ ] [ ] [ ] 0i i iK d C d M d+ + =& &&                                                                (19) 

To solve the eigenvalue problem, the standard form of the above equation can be written as 
follows: 

1 1

0

i i

i i

M C M K d d

I d d

− −     − −    
=    

       

& &
                                                      (20) 

where,
    0 0 0  

T Ti

i i id U V W= is undetermined displacement amplitude vector and   represents the 

frequency of DWCNT. To obtain a non-trivial solution of Eq. (20), it is required that to set the 
determinant of the coefficient matrix to zero.

 
Also, in Eq. (20), M, G and K are the mass matrix, 

damping matrix and stiffness matrix respectively. It should be noted that the eigenvalue from Eq. (20) 
may be complex due to the presence of the fluid damping and visco-Pasternak foundation, the 
imaginary part is related to the natural frequency whereas the real part is related to damping. 

4. Numerical results and discussion 

In this section, vibrations of DWCNTs are investigated by using Donnell’s shell theory and modified 
strain gradient theory. The boundary conditions are assumed as simple-simple. The effect of various 
parameters such as size effect, length scale, fluid velocity, stiffness and damping of foundation is 
determined through modified strain gradient theory and is compared to modified couple stress theory 

and classical theory. Here, for convenience, values of size effects are assumed as 2 1 0l l l l= = = . In 

sections (5.1), (5.2), (5.3) and (5.5), the circumferential wave numbers are set to (n = 1). Geometrical 
and mechanical features for solving the vibrational problem of fluid-conveying DWCNT are as follows: 

1 2

12 3 3

11.9 ,   12.24,   0.34

10  Pa,   0.25,   2300 kg m ,   1000 kg mt f

R nm R h nm

E   

= = =

= = = =
                         (21) 

Dimensionless parameters used in this study are defined as follows: 

,   ,   ,   ,
f f gw

f f w g

kk h
R V v K K

E E E Eh

 
 = = = =                                          (22) 

4.1. Validation of results 

Figure 2 draws a comparison between the imaginary and real sections of natural frequencies of the 
fluid-conveying cylindrical shell in microdimensions. In Xinping and Lin [36], Donnell’s shell theory has 
been used to model the microtube, and the vibrational problem has been solved through Navier 
procedure. In order to validate the solutions obtained through the new theory, real and imaginary 
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frequencies of the microtube for the classical theory were compared with those in [37]. As can be 
seen, the results of this study are consistent with those of. 

 
Figure 2. Comparison between natural frequencies of micro-shell conveying fluid with simply support and  

(a) imaginary part; (b) real part 

4.2. Comparison of dimensionless natural frequencies in different theories 

Figure 3 illustrates frequencies of DWCNT in terms of different velocities and different theories, 
with 2 20L R = and 1h l = . Section (a) of Figure 3 is related to natural frequencies and Section (b) is 

related to real frequencies of DWCNT. Thin lines show the first axial half-wave number and bold lines 
show the second axial half-wave number. In the classical theory, as the fluid velocity increases the 
natural frequency of DWCNT decreases whereas the real frequency remains zero. At velocity 

( 0.04)fV = the natural frequency becomes zero in the first mode, and DWCNTs are unstable. This 

instability is called divergence instability and velocity at this point is critical velocity. With the increase 
in the velocity of fluid, the DWCNT in the first frequency mode remains unstable but it stabilises in the 

second mode. After velocity ( 0.068)fV =  with the increase in the velocity, the first frequency mode of 

DWCNT stabilises again. Afterwards, the first model is coupled with the second mode ( 0.07)fV =  

while the real frequency is non-zero. In this case, the DWCNT is unstable, too. This is called flutter 
instability. 
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Figure 3. The real and imaginary components of dimensionless frequency of DWCNT conveying fluid in 

different theories and for first and second axial half-wave numbers. (a) imaginary part (b) real part. 
 

This procedure is repeated for higher modes and velocities, too. Strain gradient theory predicts 
higher natural frequency for DWCNTs and higher critical fluid velocity than the couple stress theory 
and classical theory. The reason for the increase in stability in higher order theories is the presence of 
size effects which leads to increase in the rigidity of DWCNT. 

4.3. Effect of material length scale parameter 

Figure 4 illustrates the natural frequency of DWCNT on the basis of different fluid velocities and size 

effect with 2 20L R = . The size effect is taken as 2 1 0( )l l l l= = =  in strain gradient theory. Increase in size 

effect leads to increase in frequency, fluid velocity and stability of DWCNT. 
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Figure 4. The size effect on the real and imaginary components of frequency of DWCNT conveying fluid, for 

first and second axial half-wave numbers. (a) imaginary part (b) real part. 
The reason that why increase in size parameter leads to increase in stability is the increase in the rigidity of 

DWCNT. 

4.4. Effect of shell length in different theories 

Figures 5, 6 and 7 illustrate the effect of shell length on natural frequencies of DWCNT with 

different n and m wave numbers as well as 1l h =
 in different theories. Increase in shell length leads to 

decrease in natural frequencies of DWCNT and increase in their instability. That is because of the 
decrease in shell rigidity in the scale of greater lengths. As illustrated below, in greater circumferential 
wave numbers (n), the increase in the frequencies of DWCNT in the modified strain gradient theory is 
more substantial than that in the natural frequency in a similar case in the modified couple stress 
theory and classical theory. That is because of the presence of size effect and the stronger effect of 
DWCNT rigidity on circumferential wave numbers (n). 
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Figure 5. Natural frequency of DWCNT in various lengths, circumferential wave numbers (n), and classical 

theory. (a) [m = 1], (b) [m = 2] 
 

 
Figure 6. Natural frequency of DWCNT in various lengths, circumferential wave numbers (n), and modified 

couple stress theory. (a) [m = 1], (b) [m = 2] 
 

 
Figure 7. Natural frequency of DWCNT in various lengths, circumferential wave numbers (n), and modified 

strain gradient theory. (a) [m = 1], (b) [m = 2] 
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5. Conclusion 

In this study, the vibration of DWCNTs was investigated by using Donnell’s shell theory and 
modified strain gradient theory. Higher order equations and classical and non-classical boundary 
conditions were derived through Hamilton’s principle. Afterwards, by using Navier procedure, the 
vibrational problem of DWCNT with simply-support boundary conditions was solved. In addition, 
various parameters such as fluid velocity, size effect, stiffness and damping of the foundation of 
DWCNT, and shell length were investigated and compared to those in the modified couple stress 
theory and the classical theory. The results are as follows: 

1. The value of natural frequencies obtained for DWCNT through modified strain gradient theory is 
greater than those obtained through modified couple stress theory and classical theory. Therefore, 
fluid stability is predicted to be greater, too. 

2. Increase in size effect leads to increase in the natural frequency and the expansion of stability 
region of the fluid. 

3. The effect of the increase in shell length and the circumferential wave numbers (n) on the natural 
frequency of DWCNT in the modified strain gradient theory is more substantial than that in the 
modified couple stress theory and classical theory. 
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